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1 Introduction

Suppose X = {X;,0 <t < T} and Y = {¥;,0 < t < T} are real-valued stochastic pro-
cesses, representing the signal and the observation respectively, governed by the following

homogeneous linear system of stochastic differential equations

(1. 1) dX; = 0Xydt+edV?,0<t<T,Xog=mxg#0,
dY, = 0Xydt+edWH 0<t<T,Yy=0.

Here the processes V2 = {V10 <t < T} and WH = {WH 0 <t < T} are assumed to
be independent standard fractional Brownian motions (fBm’s) with the same known Hurst
index H € [%,1) and 6 € O open in R. Suppose the component Y = {V;,0 <t < T} is
observed and the problem is to estimate the unknown parameter 6 based on the observation
Y ={Y¥;,0 <t < T} and study its asymptotic properties as € — 0. The system (1.1) has a
unique solution (X,Y") which is a Gaussian process . Suppose that we observe the process Y
alone but would like to have information about the process X at time ¢. This problem is known

as filtering the signal X at time ¢ from the observation of Y up to time ¢. The solution to this



problem is the conditional expectation of X; given the o-algebra generated by the process
{Y,,0 < s < t}. Since the processes (X,Y) is jointly Gaussian, the conditional expectation
of Xy given {Y;,0 < s <t} is linear in {Y;,0 < s < t}. It is also the optimal filter in the sense
of minimizing the mean square error. The problem of finding the optimal filter reduces to
finding the conditional mean 7;(X) = Ey(X;|Ys,0 < s < t). This problem leads to Kalman-
Bucy filter if H = 3. Le Breton (1998) and Kleptsyna and Le Breton (2002b) and Kleptsyna
et al. (2000a,b) studied this problem of filtering for H € (3,1). For H = 1/2, this problem has
been solved by Kutoyants (1994). For optimal filtering for fractional stochastic systems, see
Kleptsyna , Kloden and Ahn (1998). Asymptotic properties of maximum likelihood estimator
of the drift parameter for partially observed fractional diffusion systems are investigated in
Brouste and Kleptsyna (2010). Kallianpur and Selukar (1991,1993) have studied parameter
estimation and local asymptotic normality in linear filtering for linear systems driven by
Brownian motions. They have also obtained a large deviation inequality for the maximum

likelihood estimator (MLE) of the parameter.

We obtain the asymptotic properties of the maximum likelihood estimator (MLE) of the
parameter # by studying the asymptotic properties of the log-likelihood ratio process with
index as € — 0. We follow the techniques used by Prakasa Rao (1968), Ibragimov and Khas-
minskii (1981) and others. We prove the weak convergence of the appropriately normalized
log-likelihood ratio random process and appeal to the continuous mapping theorem to study

the asymptotic behaviour of the MLE of the parameter 6 as ¢ — 0.

We now state the main result of this paper. Let 6 denote the true parameter. Let 0.
denote the maximum likelihood estimator of # based on the observation of the process Y
over the interval [0, 7] satisfying the stochastic differential system defined by (1.1). Then, as

€ — 0, the normalized random vector

)

converges to the Gaussian distribution with mean zero and variance [02]~! where o2 will be

specified later.

2 Preliminaries

We now introduce some notation and some basic results. Let (2, F, (F;), P) be a stochastic

basis satisfying the usual conditions and the processes discussed in the following are (F;)-



adapted. Further the natural filtration of a process is understood as the P-completion of the
filtration generated by this process. Let W = {W} ¢ > 0} be a standard fractional Brow-
nian motion with Hurst parameter H € (0, 1), that is, a Gaussian process with continuous
sample paths such that W =0, E(W/) = 0 and

1
(2. 1) EWHWH) = 5[52H + 22— |s —t]*H],t > 0,5 > 0.

Let us consider a stochastic process J = {Jy,t > 0} governed by the stochastic integral

equation
t t

2. 2) 7, :/ C(s)ds+/ B(s)dWH 1 >0
0 0

where C' = {C(t),t > 0} is an (F;)-adapted process and B(t) is a non-vanishing non-random
function. For convenience, we write the above integral equation in the form of a stochastic
differential equation

(2. 3) dJ; = C(t)dt + B(t)dW[ t > 0;.Jp =0

driven by the fractional Brownian motion W¥#. Even though the process J is not a semi-
martingale, one can associate a semimartingale Z = {Z;,t > 0} which is called a fundamental
semimartingale such that the natural filtration (Z;) of the process Z coincides with the nat-

ural filtration (J;) of the process J (Kleptsyna et al. (2000a)). Define, for 0 < s < t,

1
(2. 4) kHZZHF(%fH)F(H+§),
(2. 5) ki (t,s) :k;{ls%*H(t—s)%*H,
2HT(3 —2H)T(H + %
2. 6) N — ( : )T( +2)’
T - H)
(2. 7) wil = \F 272
and .
(2. 8) Ml :/ kg (t,s)dWH ¢t > 0.
0

The process M is a Gaussian martingale, called the fundamental martingale and its quadratic
variation < M/? >= w}!. Further more the natural filtration of the martingale M coincides

with the natural filtration of the fBm W#.

Suppose the sample paths of the process {%, t > 0} are smooth so that

(2. 9) Qu(t) = cmdff/ot kit s)égds,t € 10,7



is well-defined where the functions w? and kg (t, s) are as defined in (2.7) and (2.5) respec-
tively and the derivative is understood in the sense of absolute continuity. The following
theorem due to Kleptsyna et al. (2000a) associates a fundamental semimartingale Z associ-
ated with the process J such that the natural filtration (Z;) of Z coincides with the natural
filtration (J;) of J.

Theorem 2.1: Suppose the sample paths of the process Qg belong to L*([0,T],dw™) a.s.
Let the process Z = (Zy,t € [0,T]) be defined by

(2. 10) 7, = /O () B ()d .

Then the following results hold:

(i) The process Z is an (F;) -semimartingale with the decomposition
(2. 11) Z, :/[)tQH(S)dw§+szI{

where MH is the fundamental martingale defined above.

(ii) the natural filtrations (Z;) and (J;) coincide.

For more details on properties of fractional diffusion processes, see Prakasa Rao (2010).

3 Observation Semimartingale

Consider the linear system defined by the equation (1.1). Let

t
7y = f/ ki (t,s)dYs,0<t<T
0

€

where the function ky(t, s) is as specified by equation (2.5). Let

0.
~edwl!

Q(t) /Ot ki (t,$)X(s)ds,0<t<T

where the derivative is understood in the sense of absolute continuity with respect to the
measure generated by the function w. An application of Theorem 2.1 shows that Z is an

(Ft)-semimartingale with the decomposition

t
Zt:/ Q(s)dw + M o<t <T
0



where

t
MtH:/ ki (t,s)dWH 0<t<T
0

and M = {M} 0 <t < T} is a Gaussian martigale with quadratic variation w defined
by (2.7). Furthermore the natural filtration (Z;) of the process Z and the natural filtration
(V) of the observation process Y coincide. The process Z is called observation fundamental

semimartingale (cf. Kleptsyna and Le Breton (2002b)).

4 Innovation Type Process

Suppose that {n;,0 < t < T} is a random process adapted to the filtration (F;) such that
Ey|n:| < oo on the underlying probability space (€2, F, P). Let m:(60,n) denote the conditional
expectation of 7; given {Ys,0 < s < t} or equivalently given {Z;,0 < s < t} when @ is the
true parameter. Let ();) denote the filtration generated by the process Y or equivalently
that of Z. Let .

(4. 1) z/t:Zt—/O 75(0,Q)dw 0 <t <T

where m(0,Q) = Ep(Q(t)|Zs,0 < s < t). The process v = {14,0 < t < T} is called the
innovation type process. Kleptsyna et al. (2000a) proved that the process v is a continuous
Gaussian ();)-martingale with the quadratic variation w, Furthermore, if N = {N;,0 <t <
T} is a square integrable ();)-martingale, Ny = 0, then there exists a ();)-adapted process
a={a;,0 <t < T} such that

T
E(/ aZdw!!) < oo
0

and P-a.s .
N; :/ asdrg, 0 <t <T.
0

5 Main Results

Consider the linear system described by (1.1). Suppose 6 € © open. Let

Q) = -2 /Ot/@H(t,s)eXe(s)ds,te[O,T],

dwl

t
Zt:f/ ki (t,s)dYs,0<t<T,
0

€



and ,
vy = Zy —/ 7s(0,Q)dwl 0 <t < T.
0

The filtrations (Z;) of the process Z and ();) of the observation process Y coincide and hence
the problems of estimation of the parameter 6 based the observations {Y;,0 < s < ¢} and
{Zs,0 < s <t} are equivalent. Define

(5. 1) Ku(t.s) = H2H — 1) /t PH=3 (r — ) B3,
(5. 2) p(t,s) = Hd/t ki (t,r)dr
’ € dth s ’ ’
and
(5. 3) q(t,s) = Gd/t ki (t,r)Kg(r,s)dr.
’ e dwl! Js ’ '

Applying Lemma 3 of Kleptsyna et al. (2000b), we get the following representations for the
processes X and @ involved in the filtering problem for the system governed by the equation
(1.1):

X, = a:o+9/(:Xsds—|—e/0tKH(t,s)de,0 <t<T

t t
Q= p(t.0)20+0 [ plt.5)Xeds ¢ [ qlt.5)aNl 0<e<T
0 0

where N is the fundamental martingale associated with the fBm V. An application of
Theorem 4 of Kleptsyna et al. (2000b) to the process @) proves that

t t
(0, Q) = p(t, 0)ao + 0/ p(t, 5)7s(60, X)ds + e/ e2(6,,8)dvs,0 <t < T
0 0

where ca(€, 0,1, s) is a non-random function and {14,0 < ¢ < T'} is the innovation process. A
similar application of Theorem 4 in Kleptsyna et al. (2000b) to the process X leads to the
equation

t t
Wt(G,X):a:OJrH/ WS(H,X)ds+e/ c1(0,t,s)dvs,0 <t <T.
0 0

for some non-random function ¢y (6, ¢, s).

Let

t
Q(0) = p(t,0)xzo + 0/ p(t, s)xsds
0
and .
x(0) = xo + 9/ Tsds.
0



with ¢ as specified by (1.1). Applying the equations obtained above following Theorem 4
in Kleptsyna et al. (2000b), it follows that there exist non-random functions ¢;(6,t,s),0 <
s <T,i=1,2 such that

t t

(5.4) w0, X) —wi(0) = 9/ (50, X) — 2)ds + e/ c1(0,,8)dvs,0 <t < T
0 0

and

(5. 5) m(0,Q) — Q(0) = 9/0tp(t, s)(ms(0, X) — x5)ds + e/ot ca(0,t,5)dvs,0 <t <T.

Fix 8 € © € R. Suppose the set © is open. Let

Ay =m(0 4 eu, Q) — m (0, Q).

and
Ay = Qu(6 + eu) — Qu(6).
Let
0 = (0 + eur, Q) — (0 + eus, Q)

for uy,us € R. For convenience, we denote 6 + eu; = 1 and 6 + eus = P5. From the fact
that the processes involved are Gaussian, it follows that there exists a neighbourhood Ny of
f and ¢y > 0 such that

sup sup Eg, (0%) < oo.
0,0+euy,0+euz€0,0<e<eg 0<t<T

Let
T
(5. 6) ot = [ O,
0
and
(5. 7) Lo(u) = u€ — %UQO'Q,U €ER

where ¢ is a Gaussian random variable with mean zero and variance o2 and the function

(¢(0) is as specified in Theorem 5.1 given below.
We now state the main result of this paper.

Theorem 5.1: Let 6 denote the true parameter. Let 6. denote the maximum likelihood

estimator of # based on the observation of the process Y over the interval [0, T] satisfying the



stochastic differential system defined by (1.1). Suppose there exists a non-random function
¢¢(0) such that

(C) sup Ey|m(0+ eu, Q) — m(0,Q) — eu Ct(H)\Q = 0(62)
0<t<T

holds. Then, as € — 0, the normalized random vector
R CY)
converges to the Gaussian distribution with mean zero and variance [02] L.

Local asymptotic normality: Let Py be the probability measure generated by the process
Y on the space C[—g, g] associated with the uniform topology when 6 is the true parameter.
Here C[—g.g| is the space of continuous real-valued functions on the interval [—g, g] where
g > 0. Consider the log-likelihood ratio process

dP@—l—eu
dPy

Le(u) = log
for fixed u such that 6,60 + eu € ©.

Let K denote a compact subset of © such that # € K and 0+ eu € K. Let Ck denote the
space of continuous functions defined on the compact set K. Let Ky = {u:0 € K and 0+
eu € K}.

Theorem 5.2: Suppose the condition (C) holds. Then the family of probability measures,
generated by the log-likelihood ratio random process {L.(u),u € Ky} on Ck, associated with
the uniform norm topology is locally asymptotically normal and converge weakly to the prob-

ability measure generated by the random process {Lo(u),u € Ky} on Ckg, as € — 0.

From the general theory of weak convergence of probability measures on the space Ck,
associated with the uniform norm topology (cf. Billingsley (1968), Parthasarathy (1967),
Prakasa Rao (1975)), in order to prove Theorem 5.1, it is sufficient to prove that the finite
dimensional distributions of the random field {L.(u),u € Ky} converge to the correspond-
ing finite dimensional distributions of the random field {Ly(u),u € Ky} and the family of
probability measures generated by the random fields {L.(u),u € Ky} for different € is tight.

6 Proofs of Theorems 5.1 and 5.2:

Before we give proofs of Theorem 5.1 and Theorem 5.2, we prove some related lemmas.



Lemma 6.0:Let 6 € ©. There exists a neighbourhood Ng = {0’ : |0’ — 0| < eu} of 6 contained
i © and a constant Cy > 0 depending on 6 such that

(i) sup sup Fg|ms(0', X) — z,(0)> < Cre?t?~2
6'eNy 0<s5<t

and

(ii) sup sup Eg|ms(0,Q) — Qs(8")* < Cyt® .
0'e N, 0<s<t

Proof : Following the equations (5.4) and (5.5), an application of the Grownwall’s inequality
(cf. Kutoyants, (1994), Lemma 1.13) shows that

sup sup |m, (6, X) — ,(0')] < ce sup ||
0'€N,p 0<s<t 0<s<t

and hence

sup sup E9[|7T5(€/,X)—1‘5(0')]2] < cewaI
0’'eNy 0<s5<t

< 22

Note that

sup Eyllmo(¢,@) ~ Qu(@)) < sup 2007 [ [p(t, o) Bl (0, X) — (0

0<s<t 0<s<t 0
t
26 sup Egl( [ fea(0.t,))dvs )
0<s<t 0
t
< @[ [plts)Pds) sup Eallr(6',X) — o, (0')
0 0<s<t
+c1 (t)eQEg(l/?)
< ()T o ea(t)P2 2
< c(t)32H,

Hence

sup sup Ep[|ms(0',Q) — Qs(0)*] < Cyt® 1
0'C Ny 0<s<t

where C; is a constant depending on ¢,60 and H.



Lemma 6.1: Suppose the condition (C) holds. Then the finite dimensional distributions
of the random process {L.(u),u € Ky} converge to the corresponding finite dimensional

distributions of the random process {Lo(u),u € Ky} as € — 0.

Proof: We will first investigate the convergence of the one-dimensional marginal distributions
of the random process L¢(u) as € — 0. The convergence of other classes of finite-dimensional
distributions follows from the Cramer-Wold device. From the equation (26) in Kleptsyna et
al. (2000b), it follows that

Le(u) = / Atdl/t % 2/ AQd H
= E/ (A¢ — euly)dvy + — / euCrdvy
2
262/ A dwt

= Il—i-IQ-i-Ig (say)

where Ay = m (0 + eu, Q) — (6, Q). Note that the process {v(t),0 < ¢ < T} is the innovation

process which a continuous Gaussian martingale with quadratic variation wf. Observe that

6. 1) BE(12) = / Ey[A; — eucPdw? = o(1)

as € — 0 by the condition (C) and hence I = 0p(1). Note that
T
I, = / uCedvy
0

is a Gaussian random variable with mean zero and variance fOT u?Eg[¢?]dwf . Furthermore
2
13 = / A dwt

_ _@ (At—euCt+€UCt) dwt
1 T

= o [ A ) (G + 28— cugeutduf!
1 T 2, H

= 5 ] (cwc)Paul’ +o,(1).

As a consequence of the above computations, we observe that, as € — 0,
| e 2, H
3 [ Ml = 5 [Tm(0+ Q) - m(6. Q]
T
=t [ [aPduf +o,()

10



and
1 [T 1 /T
: /0 Ny = = /0 [7(0 + eu, Q) — m(0, Q)ldwy

T
= ’LL/O Cedvy —‘rOp(l).
= u) + op(1)

as € — 0 where 1) is a Gaussian random variable with mean zero and variance 0. Hence the
random variable L,(u) is asymptotically Gaussian with mean —(1/2)o?u? and variance o?u?.

We have proved the convergence of the univariate distributions of the random process
{Le(u),u € Ky} as e — 0, after proper scaling. Convergence of all the other finite dimensional
distributions of the random field {L(u),u € Ky}, after proper scaling, as ¢ — 0, follows by
an application of the Cramer-Wold device. In order to prove that a sequence of k-dimensional
random vectors X,, converge in law to a k-dimensional random vector X as n — oo, it is
sufficient to prove that the sequence of random variables \'X,, converges in law to the random
variable 'X for all A € R¥. This is known as the Cramer-Wold technique for converting the
problem of the finite dimensional convergence to convergence of one-dimensional random
variables. Similar ideas have been applied earlier in proving the weak convergence of the
processes. See, for instance, Fokianos and Newmann (2013)). We can use this technique to
prove the convergence of the finite-dimensional distributions to complete the proof of the

lemma.

We now state two lemmas which will be used in the following computations. For proofs

of these lemmas, see Lemmas 5.2 and 5.3 in Mishra and Prakasa Rao (2014).

Lemma 6.2: Let {D;,0 <t < T} be a random process such that SUPg<t<T E(Df) <7< oo
Then, for 0 < 6y <0y <T,

91 91
E( mmﬁgm—%ﬁ/zmmﬁgﬂ&—%ﬁ
02 92

The next lemma gives an inequality for the 4-th moment of a stochastic integral with

respect to a martingale.

Lemma 6.3: Let the process {fi,0 < t < T} be a random process adapted to a square
integrable martingale { My, Fy,t > 0} with the quadratic variation < M >; such that

T
‘/E%M<M%<m
0

11



Then
T T
E((/ frdM)*) <36 < M >r / E(fHd < M > .
0 0
and, in general, for 0 < 6y <6, < T,

0, 01
E[(/a frdM)4] < 36(< M >p, — < M >q,) /02 E[f}ld < M >; .

Lemma 6.4: Let I'c(u) = exp{Lc(u)}. Then, for any R > 0, there exist a constant C > 0

such that
1 1 4

E@ F? ('LLQ) - FE (ul) S C(u1 - ’U,2)4, ’Uz‘ S R,i = 1,2.

Proof : Let —R < uy,us < R for some R > 0. Let
5t — 7Tt(9 + EulyQ) - Wt(e + GUQ,Q)

and

0r = e(ug — u2) Q.
Recall the notation 6 + euq; = (1,60 + eus = B2 used earlier. Let

1 rt 1 ¢
R, = exp[g/o Osdvs — @/0 Ofdwf],Rg =1.

dPg,
dp, B2

1
Note that the process R; is the process ( (X )) and, by the Ito formula, we have

th = _Wat thwt + Zﬁ(sthth.

Hence

3
- (32) &

t 1 t
R, = / 52 Rydw! + 7/ S Radve 0 < 5.t <T
0 4eJo

Note that

1 1 4

Ep |T¢ (ug) — Té (u1)

d B,

= Bl dP,

11— Rr|*) = Eg,)(|11 — Rrl*)

T 4
/ (5thth
0

4
1 T 1

12



where C' is an absolute constant. In order to get the bounds for the expectations of the

integrals in the above inequality, we now use the Lemmas 6.2 and 6.3.

Let us now estimate the term

4

T
Es, / 62 Rydw!
0

Note that

4

T
I Eg, / 6% Rydw!?
0

4

T
— B, / 2R (2 — 2H)2H ay
0

T
T? / Ep, |62 Ry | "t 88 dt
0

T
< 1 / Eg, |62 48 at
0
< T8 sup  Fy[6f]
0,0<t<T
< ces(ug—ul)g.

Let us now estimate the term .
L= EﬂQy/O 62 Rydy .

Observe that

T
_[2 S wa/ E52|5th|4dwf{
0

T
< cwl / Eg, |8 Ry * N (2 — 2H)t 2 at
0
T
< CT2—2H/ Ep, 16,427 gt
0
< c(ul—uQ)4e4.

Combining the above estimates, we obtain that

sup  (uy — ug) T EG|ITY 4 (ug) — T4 (uy)|* < ¢ < o0
|ui| <R,|vi|<R

13



which proves the tightness from the results in Prakasa Rao (1975) or Neuhaus (1971).

As a consequence of Lemma 6.4, it follows that the family of probability measures gen-
erated by the processes {Fé (u),u € Kp} on Ck, with uniform topology is tight from the
results in Billingsley (1968) (cf. Prakasa Rao (1987)) and hence the family of probability
measures generated by the processes {L.(u),u € Ky} on Ck, is tight.

Lemmas 6.1 and 6.4 together imply that that the family of probability measures gener-
ated by the processes {L¢(u,u € Ky} on Ckg, converge weakly to the probability measure
generated by the processes {Lo(u),u € Ky} on Ck, from the general theory of weak con-
vergence of probability measures on complete separable metric spaces(cf. Billingsley (1968),
Parthasarathy (1967), Prakasa Rao (1987) and Ibragimov and Khasminskii (1981)). This
completes the proof of Theorem 5.2.

The following maximal inequality is proved in Lemma 5.6 in Mishra and Prakasa Rao
(2014) using the Slepian’s lemma (cf. Leadbetter et al. (1983) and Matsui and Shieh (2009)).

We will use it in the sequel.

Lemma 6.5: Let WH be a fractional Brownian motion with Hurst index H. For any A > 0,

)\QTZH
2

E[exp{)\oréltzz)gf IWHY <14 A\V2rT?H exp{ }.

We now apply Lemma 6.5 to get the following result.

Lemma 6.6: Let I'.(u) = exp{Lc(u)},u € R. Then, for any compact set K C O, and for

any 0 < p < 1, there exists a positive constant C' such that
(6. 2) sup Ep[(Te(w))?] < e~ €
feK

for all u € R.

Proof: Now, for any 0 < p < 1, we will now estimate Ey(I'c(u))?. For convenience, let u € R

and v > 0 and let -
F1 E/ Atdl/t
0

and
T
FQE/ Aldwf.
0

14



Let ¢ be such that p? < ¢ < p. Then

p

p
Ep[(Te(u))?] = ET[GXP{EFl - 272}72}]
_ Pp 4 p_ (=9
= ET[GXP{EFl 5212 52 Fo}].
Let ( )
b—q
Gl = EXp{— 262 FQ}
and
G2 = eXp{gFl - TZQFQ}
Then

ElT)] = EalGiGo)
< (BGT)YP (Bl

by the Holder inequality for any p; and ps such that ps > 1 and p% + p% = 1. Choose
Po = z% > 1. Then p; = q% Observe that

p?”
P21 _ p q
EylGy?] = Ee[exp{pg(gFl——262F2)}]
q /P q
= F (= — =F
9[eXp{p2(6 1 22 2)}]
lq 1 ¢?
= F —=F1 — — = F5}].
0[€XP{Ep [ 2}

The random variable, under the expectation sign in the last line, is the Radon-Nikodym
derivative of two probability measures which are absolutely continuous with respect to each

other by the Girsanov’s theorem for martingales. Hence the expectation is equal to one.

Hence
p1(p—4q
E(Te(w)?] < (E[exp{—l(%2) )]/
= (Elexp{—ye *Fp}])"/™
where v = 2‘1(((]’3__;2)) > 0. Let us now estimate Ep[e="¢ "F2]. Applying the inequality

a? > b% —2|b(a — b)|,

15



it follows that
e 2R —2 r 2
Eple™° "72] < exp{—~e / A2dwl) x
0

T _
< Bolexp(2e ([ (1m0 + e, Q) = Qu(0 + ew)) +
1m0, Q) — Qr(O))|Qu(6 + cu) — Q1(6)|dwl}).

We now get an upper bound on the term under the expectation sign on the right side of the

above inequality. Observe that there exists a a constant ¢ > 0, such that,

T
| m(6.Q) — Quo) aw
< 662[/Td’th] sup |vt|?
0 0<t<T

< 1?20 sup |u)?
0<t<T

for some constant ¢ > 0 possibly depending on T, H and © where {14,0 < t < T} is the
innovation continuous Gaussian martingale with quadratic variation w'. An application of
the Cauchy-Schwartz inequality implies that

T _ _ _
sup ([ 71Qu0 + ew) — Q) Im (0", Q) — Qul®") ')

0,0'=0+eucO,0<e<ep Y0

< Coe'u®T?7 2 sup |vy)?
0<t<T

for some constant Cy > 0. Hence

T _ _ _
swp ([ 1Qu(0+ ) = QuO) 70, Q) — Qu®] o]

0,0’ =0+eucO,0<e<eg
< C1é%ful sup vyl
0<t<T

for some constant C7 > 0. Therefore

T
s Eylexp(29¢ ([ m0 + eu,Q) = Qu0 + eu)

0,0+eucO,0<e<eg

+ (76, Q) — Qu(8))(Q(8 + eu) — Qu(9))|dw;'}]
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< Eplexp{Cvlu| sup [u4[}]
0<t<T
22H 2
< 1+’yC\u|v2wT2Hexp{u}

2

for some positive constants C' and ¢ depending on H, T and the set ©® by Lemma 6.5.
Applying arguments similar to those in Lemma 2.4 in Kutoyants (1994), we get that

sup  Ep[lP(u)] < e O
e K,0<e<ep

for some positive constant C' > 0 depending on 7', H and ©.

An application of Lemma 6.5, proved earlier, shows that the maximum likelihood estima-
tor 0, will lie in the compact set K with probability tending to one as € — 0 from Theorem
5.1 in Chapter 1, p.42 of Ibragimov and Khasminskii (1981).

We now give a proof of Theorem 5.1 stated above.

Proof of Theorem 5.1: Let C'ic denote the family of continuous functions defined on a compact
set Kin R. In view of Theorem 5.2, it follows that the family of probability measures generated
by the random processes {L.(u),u € K},e > 0 on Ck converge weakly to the probability
measure generated by the random process {Lo(u),u € K} on Ck as € — 0. Let @ denote
the infimum of the points of the maxima of the random field {L.(u),u € K},e¢ > 0 on Ck.
Let ug denote the location of the maxima of the process {Lo(u),u € K} on Ck. The location
ug of the maxima is unique almost surely by the property of Gaussian random processes.
Since the random process {L.(u),u € K},e > 0 on Ck converge weakly to the random field
{Lo(u),u € K} on Ck as € — 0, by the continuous mapping theorem, it follows that the
distribution of 6, appropriately normalized converges in law to the distribution of ug by the
continuous mapping theorem (cf. Billingsley (1968)). Lemma 6.6 implies that the random
variable i, = e_l(é6 —0) € K with probability tending to one as € — 0. Applying arguments
similar to those in Theorem 10.1 in Chapter II, p.103 of Ibragimov and Khasminskii (1981)
(cf. Prakasa Rao (1968)), we obtain the following result. Let € be the true parameter. As
a consequence of the arguments and the discussion given above, it follows that the random

variable

converges in law to the distribution of the random variable ug, the location of the maximum

17



of the random field {Lg(u), —co0 < u,v < 0o}, as € — 0, which is the Gaussian distribution

with mean zero and variance o 2.

Remarks: We have obtained the results stated here under the condition (C) given in The-
orem 5.1. It would be interesting to relax this condition. Kleptsyna and Le Breton (2002b)
have obtained the solution of the optimal filtering problem for linear systems driven by frac-
tional Brownian motions. However it does not seem to be possible to verify the condition
(C) using their computations. Azencott (1982) (cf. Prakasa Rao (1999), p. 118) developed a

Stochastic Taylor’s formula for diffusion processes satisfying a stochastic differential equation
(e _ (e) €) (e _

where W is the standard Wiener process. Suppose that p(0,u) > 0 for v € (¢,7). Further
suppose that pu(.,.) € C3([0,00) x (£,7)) and o(.) € C3((£,r)). Let 2(.) be the solution of the

ordinary differential equation
dx(t) = p(0,2(t))dt, z(0) = x.

Then
(e) _ 2 3 p(e)
Xy =x(t) +egi(t) + € ga(t) + € R(L)

where g¢;(t),7 = 1,2 are continuous semimartingales with g;(0) = 0,7 = 1,2 and

lim P( sup |[R(s))| > h)=0.

e—0,h—o0 0<s<T

Extension of this result to processes driven by martingales will be useful in verifying the

condition (C).
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